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For each integer g > 1, a class ?JJ& of ‘2-symmetric’ crystallizations, depending on a 
2(g + 1)-tuple of positive integers satisfying simple conditions is introduced; the ‘2-symmetry’ 
implies that the represented closed, orientable 3-manifolds are 2-fold covering spaces of S3 
branched over a link. Since every closed, orientable 3-manifold M of Heegaard genus g s 2 
admits a crystallization belonging to %r, we obtain an easy proof of the fact that M is a 2-fold 
covering space of S3 branched over a link. 
Further, the class contains all Lins-Mandel crystallizations S(b, 1, t, c), with 1 odd, which are 
thus proved to represent 2-fold branched coverings of S3. 
1. Introduction 
Throughout this paper, all spaces and maps are piecewise-linear (PL) in the 
sense of [15] or [21]. Manifolds are always assumed to be closed, connected and 
orientable. 
For basic graph theory, we refer to [16]. We shall use the term graph instead of 
multigraph: hence, loops are forbidden but multiple edges are allowed. 
An edge-coloration on a graph r= (V(T), E(T)) is a map y:E(T)+ A,, = 
(091, . . . 2 n} such that r(e) # r(f), for each pair e, f of adjacent edges. The pair 
(r, y), r being a graph and y : E(T)-, A,, being an edge-coloration, is said to be 
an (n + 1)-coloured graph with boundary ; a boundary-vertex is simply a vertex of 
degree <n + 1. If r is regular of degree n + 1 (i.e. if r has no boundary vertices), 
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then (r, y) is simply called (n + 1)-coloured graph. The notion of cofour- 
isomorphism between (n + 1)-coloured graphs is straightforward. 
For each !?8 E; A,,, we set r, = (V(r), y-‘(B)); each connected component of 
&, is often called a B-residue. An m-residue is a B-residue such that the 
cardinality of 54 is m. The symbol pB denotes the number of C-B-residues in (r, y). 
For each colour i E A,, we set l= A,, - {i}. 
A pseudocomplex [18] is a ball complex such that each h-ball is isomorphic with 
an h-simplex. As shown in [lo], every (n + 1)-coloured graph (r, y) represents an 
n-dimensional pseudocomplex K(T); moreover, K(T) is a pseudomanifold [23], 
which is orientable iff r is bipartite [5]. 
An (n + 1)-coloured graph (r, y) is contracted if TS is connected, for each 
CEA,; the geometrical interpretation of this property is that the associated 
pseudocomplex K(r) has exactly n + 1 vertices. A crystallization of an n- 
manifold M is any contracted (n + 1)-coloured graph representing M; every 
n-manifold M admits a crystallization [20]. 
Let (r, y) be an (n + 1)-coloured graph and let 8 be the subgraph formed by 
two vertices X, Y joined by h edges (1 s h s n) with colours c,, c2, . . . , ch. 
Cancelling e means: 
(a) deleting vertices and edges of 8, 
(b) welding the “hanging” edges of the same colour. 
Adding 0 means the inverse process. 
If h = 1, the process of cancelling 8 is also called the fusion of the (unique) 
edge connecting X and Y. 
If X and Y belong to distinct components of r’,_CC,,..,,Ch), then 8 is called a 
dipole of type h; if h = 1 or h = n, the dipole is said to be degenerate. 
In a crystallization, 
move I is defined as the addition or cancellation of a nondegenerate dipole, 
moue II consists of an addition of a (degenerate) dipole of type 1 (yielding a 
noncontracted graph), followed by the cancellation of a different dipole of type 1 
involving the same colour. 
The above moves lead to an equivalence criterion for crystallizations, which 
translates the notion of ‘homeomorphism type’, in the following way [9]: if M and 
M’ are n-manifolds and (r’, y), (r’, y’) are two crystallizations of them, then M is 
PL-homeomorphic with M’ iff (r, y) and (r’, y’) can be joined by a finite 
sequence of moves I and/or II. 
A 2-cell embedding [26] &: Irl+ F of an (n + 1)-coloured graph (r, y) into a 
closed surface F is said to be regular if there is a cyclic permutation E = 
( El, E2, 1. . 9 E,) of A,, such that each region of a is bounded by the image of a 
cycle whose edges are alternatively coloured by Ei, E~+~ (i being an integer 
mod (n + 1)). Given a bipartite (n + 1)-coloured graph (r, y), its (regular) genus 
g(T) is the smallest integer k such that (r, y) regularly embeds into the closed 
(orientable) surface of genus k. The regular genus of an n-manifold M is the 
nonnegative integer g(M) = min{g(r) 1 (r, y) represents M}. If h(M) denotes 
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the Heegaard genus of a 3-manifold, then h(M) = g(M) [13]. For a survey on 
crystallization theory, see [lo]. 
The present paper introduces and investigates a class n8 (g > 1) of ‘2- 
symmetric’ crystallizations representing all 3-manifolds which are 2-fold coverings 
of S3 branched over a link (admitting a (g + 1)-bridge presentation). 
In Section 2, the crystallizations of F a subclass ‘9J$ of fig are proved to be 
completely determined by a 2(g + 1)-tuple of positive integers satisfying simple 
conditions: this leads to the possibility of investigating the properties of the 
represented 3-manifolds with the aid of computers [3]. 
In Section 3, every 3-manifold A4 of Heegaard genus g < 2 is proved to admit a 
crystallization belonging to ?I& (Theorem 5). This leads to an easy proof of the 
fact that A4 is a 2-fold covering space of S3 branched over a link (Corollary 6). 
This important result was first proved by Viro (using braid groups) and later on 
by Birman-Hilden (using Heegaard splitting techniques) and Takahashi (using 
moves on links). 
In Section 4, all Lins-Mandel crystallizations S(g, 1, t, c) with c = fl (and 
hence, in particular, all S(g, 1, t, c) with 1 odd), are proved to represent 2-fold 
branched coverings of S3 by showing that they belong to the class 9J&_,. 
2. The classes 9J& and CS& 
We recall the algorithm given in [8] for constructing a crystallization of the 
3-manifold which is the (cyclic) 2-fold covering space of S3 branched over a link 
9. 
Let L=(&, . . . ,Bg;bo,. . . , b,) be a (g + 1)-bridge presentation of a link 9, 
Bi being the bridges and bi being the arcs. Let x be the plane containing all arcs bj 
and let P be the projection of L on n. P can always be assumed to be connected; 
this is immediate if L is nonsplitting. If L splits, we can isotope arcs of L on x to 
pass “in and out” under bridges of different components. 
Let Ei (i E Ag) be an ellipse in n whose principal axis is the projection 4 of the 
bridge Bi and such that Ei intersects each arc of P in one point at most; set 
V = Uia, (6 n L). 
V subdivides L fl n into edges: let C (resp. D) be the set of these edges which 
are internal (resp. external) to the ellipsis. Let (Y be the involution on V which 
exchanges the end-points of the edges in C and fixes the points of lJiedg (Ei II B,); 
let 6 be the involution on V which exchanges the end-points of the edges in D. 
Note that V subdivides the ellipsis into a set F consisting of an even number of 
edges. 
Colour all the edges in D by 2 and colour all the edges in E,, alternatively by 0 
and 1, starting from an arbitrary vertex. Complete the coloration on F by 0 and 1 
so that each region of the planar 2-cell embedding of F U D is bounded by edges 
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alternatively coloured by two colours (note that the edges of the regions not 
bounded by Eo, . . . , Eg alternatively belong to F and 0). Join by a 3-coloured 
edge any pair of vertices in V exchanged by the involution C-&CU and let D’ be the 
set of these edges. 
If r is the graph defined by V(T) = V, E(T) = D U D’ U F and y is the 
edge-coloration above defined, then (r, y) = F(L) is a crystallization of the 2-fold 
covering space of S3 branched over 9. Note that the genus of F(L) is at most g. 
Since the involution (Y may be thought of as the symmetry in rr whose axis 
contains the projections Pi and which exchanges colour 0 (resp. 2) with colour 1 
(resp. 3) in F(L), it seems natural to give the following definition. 
Definition 1. If L is a bridge-presentation of a link 9, the crystallization F(L) is 
said to be 2-symmetric. If ‘Pg denotes the class of all (g + 1)-bridge presentations 
of links, set C82, = {F(L) ( L E pg}. 
Thus, the class 9& represents all 2-fold covering spaces of S3 branched over a 
link admitting a (g + 1)-bridge presentation. 
Let 8, (g > 1) be the set of the 2(g + 1)-tuples 
f = (h,, hi, . . . , h,; qo, 41, . . . > qg) 
of positive integers satisfying the following conditions: 
(i) for each i E Zg+1, the sum hi + hj+l is an even integer, 21,+, say; 
(ii) foreachiEZg+i, 0Gqis21,-1; 
(iii) all qi’s have the same parity; 
(iv) there exists at most one j E Z,,, such that hi = 0. 
Note that (i) implies that all hi’s have the same parity. 
Let 65, = {Z(f) 1 f E s,} be the class of 4-coloured graphs r(f) whose vertices 
are the elements of V(f) = Ui,zZg+, {i} x Z,,, and whose coloured edges are 
defined by means of the following four fixed-point-free involutions on V(f): 
zo(i, j) = (i, j + (-I)% 
z,(i, j) = (i, j - (-lY’), 
r2(iJ j) = 1 
(i + 1, 21,+, -j-l) ifOsjsh,-1, 
(i _ 1, 21, _ j _ 1) if hi s j s 21, - 1, 
r3(i9 j) = { 
(i + 19 qi + 4icl + Z+l -j’-1) ifqi<j’<qi+hi-1, 
(i - 1, qi_l + qi + 21, - j' - 1) if qi + hi sj’ S qi + 21, - 1, 
where j’ is the smallest positive integer such that: 
(i) j’ = j mod 21,, 
(ii) j’ - qi 5 0. 
Since the vertex set is lJisz,+, {i} x Z,,,, it is evident that the arithmetic is 
mod (g + 1) in the first coordinate and mod 21, in the second coordinate of each 
(i, j). 
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To define the 4-coloured graph f(f), it suffices to interpret the involutions as 
coloured edges, that is to join vertices u and w by a c-coloured edge iff w = r,(v), 
for each c E A3. The geometrical shape of r(f) can be described as follows: it 
consists of g + 1 (0, 1}-residues Ci of length 21,, cyclically set on the plane 
following the natural order in Zgfl; note that the vertex set of each Ci consists of 
the elements in V(f) whose first coordinate is i. Moreover, one can cyclically 
order the vertices (i, i) of each Ci following the natural order of i in Z,,, so that all 
these orderings induce the same orientation of the plane. There are hi 2-coloured 
edges (resp. 3-coloured edges) between Ci and C,+r and it is possible to draw 
these edges so that r(f)j (resp. I(f is regularly embedded in the plane. 
Further, for each i E Zg+l, (i, 0) (resp. (i, qj)) is the first vertex of Ci which is 
2-adjacent (resp. 3-adjacent) to a vertex of C,+r. Note that, since f satisfies the 
condition (iv), the graphs r(f)f, r(f)j, r(f) (and hence the associated 
pseudocomplexes) are connected. Moreover, since all 4;‘s have the same parity 
(condition (iii)), r(f) is bipartite and hence the associated pseudocomplex is a 
closed orientable pseudomanifold of dimension three; if r(f) E Gg represents a 
3-manifold M, then h(M) = g(M) sg. 
Let now f be an arbitrary element of Bg; since both hi’s and qi’s have the same 
parity, all sums (hi + qJ’s have the same parity, too. 
Thus, a, may be partitioned into the following two classes: 
6; = {r(f) E @, 1 hi + qi is odd, for each i E A,}, 
(33: = {r(f) E (~9~ ) hi + qi is even, for each i E Ag}. 
Lemma 1. (a) Zf r(f) E @15~, th e map (Y: V(f)+ V(f) defined by cu(i, j) = (i, hi + 
qi - j - 1) is an . tnvolution on V(f) such that: 
(b) Zf Z’(f) E @,B, we have: 
(i) atlcr = zO, ar,a = r,; 
(ii) for each i E A,, aIvCC,) has two fixed points. 
Zf r(f) E C$, we have: 
(i) (Y~~Q! = to, LYZ~(Y = r1 (i.e. (Y is a colour-isomorphism); 
(ii) (Y is fixed-point-free. 
Proof. (a) Since a2(i,j)=cu(i,hi+q,-j-l)=(i,h,+qi-(hi+qj-j-1)-1)= 
(i, j), a is an involution. 
Recall that hi + h,+, = 21j+1, for each i E Zg+,. Let now (i, j) be a vertex such 
that 0 pi s hi - 1; then we have: 
aut,(i, j) = cu(i + 1, 21,+, -j - 1) = (i + 1, h,+, + qi+I - (24+, -j - 1) - 1) 
= (i + 1, hi+* - 2li+, + qi+l + j) = (i + 1, qi+r -hi + j). 
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Since 0 G j G hi - 1 implies qi ~hi+qi-j-l~qi+hi-l, wealsohave: 
r3a(i, j) = r,(i, hi + qi -j - 1) = (i + 1, qi + qi+r - (hi + qi -j - 1) - 1) 
= (i + 1, qi+r - hi + j)* 
Suppose now (i, j) a vertex such that hi <j G 21i - 1; then we have: 
m,(i, j) = cu(i - 1, 21i -j - 1) = (i - 1, hi_1 + qi_l - (21i -j - 1) - 1) 
= (i - 1, qi_1- hi +j). 
Since hi cj s 21, - 1 implies hi + qi ~hi+qi-j-1+21i~qi+21i-l, we also 
have: 
tg(i, j) = tg(i, hi + qi - j - 1) = t3(i, hi + qi - j - 1 + 24) 
= (i - 1, qi-1 + qi + 21, - (hi + qi -j - 1 + 21,) - 1) 
= (i - 1, qi_l - hi + j). 
Thus, for each (i, j) E V(f), we have: 
az,(i, j) = (i + pi, qi+E, - hi +j) = t+(i, j), 
,sj being the map defined as follows: 
( 
+l ifO<jGh,-1, 
Ei = 
-1 if hisjs21,-1. 
Note that, for each i E A,, the restriction (Y IVcc,) is an involution on the 
(0, 1}-residue Ci. 
(b) and (c) If (i, j) is an arbitrary vertex in V(f), we have: 
azo(i,j)=a(i,j+(-ly’)=(i,hi+qi-j-l-(-ly) and 
trcu(i, j) = z,(i, hi + qi -j - 1)~ (i, hi+ qi-j- 1 - (-l)h~+q~-j-l)_ 
Then azo = tta iff j has the same parity of hi + qi - j - 1, that is iff Z(f) E @,H. 
Further, since z,a(i, j) = zo(i, qi + hi - j - 1) = (i, hi + qi -j - 1 + ( -l)h~+q~--j-l), 
cyro = z,cr (and, in analogy, (~ti = tla), iff j - 1 has the same parity of hi + qi - 
j - 1, that is iff r(f) E @i. This proves the first part of (b) and (c). 
Finally, we have (i, j) = a(i, j) = (i, hi + qi -j - 1) iff 2j = hi + qi - 1 mod 21,. 
This proves that, if r(f) E (33: and hence hi + qi - 1 is odd, ‘Y/~(~,) is the 
fixed-point-free colour-isomorphism which fixes the two edges whose vertices are 
(i, (hi + qi)/2), (i, -1 + (hi + qi)/2) and their antipodal vertices (i, li + (hi + 
qi)/2), (i, fi - 1 + (hi + qi)/2)* 
If r(f) E ai, and hence hi + qi - 1 is even, ‘Y]~(~,) is the graph-isomorphism 
(exchanging colour 0 with colour 1) whose fixed points are u = (i, (hi + qi - 1)/2) 
and w = (i, li + (hi + qi - 1)/2). q 
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Note that a(i, 0) = (i, hi + qi - 1) (resp. cu(i, qi) = (i, hi - l)), i.e. the image via 
(Y of the first vertex of Ci which is 2-adjacent (resp. 3-adjacent) to a vertex of C,+r 
is the last vertex of Ci which is 3-adjacent (resp. 2-adjacent) to a vertex of Ci+l. 
In order to obtain a combinatorial characterization of crystalhzations among 
the 4-coloured graphs in $, we recall the following result. 
Proposition 2 [12]. A contracted 4-coloured graph (T, JJ) is a crystallization of a 
3-manifold iff, for each permutation (iO, i,, iz, i3) of A3, the following conditions 
hold: 
(9 P{io.il) = P{i2,i3}9 
(ii) p(iOVi,l +p(iO,iZ) +pIiO,i,) = 2 +pi2, p being the cardinal@ of V(T). 
Let (i;, 7) be the 5coloured graph (with boundary) obtained from r(f) by 
joining each pair of distinct vertices ~1, (U(V) by means of a 4-coloured edge. Note 
that the (eventually void) set of boundary vertices in (f, 7) consists of all fixed 
points of r(f). 
The following lemma is an immediate consequence of the equality t3 = CQ(Y. 
Lemma 3. The vertex set of each (2, 4}- residue R in (f, 7) is the (disjoint) union 
of the vertex set of one or two (2, 3}-residues whether or not, for each vertex v in 
R, v and a(v) are in the same (2, 3}-residue: hence P~~,~)/ZI 6 p12,31 s P{~,~). 
Proposition 4. (a) T(f) E is a of a M, then 
E a;. 
If r(f) ai, then following conditions equivalent: 
(9 E ng, 
T(f) is crystallization, 
(iii) (2.3) = g + 1. 
Proof. (a) Since ~(2.3) 3,5(2,4), we have ps 3 Pt1,2,4)r pi 3 pc0,2,4). Since T(f) is a 
crystallization, p,j = pi = 1 and Proposition 2 gives ~(2.3) = p(O,Il = g + 1. 
This implies: p(2,4) > pc2.3)/2 = (g + 1)/2 > 3/2 > 1 and 
&,2,4) = &0.2,4) = 1. (*I 
Now, suppose r(f) E @i; then, a, is fixed-point-free and hence (f, 7) has no 
boundary vertices. Since to = (YZ~LY and t1 = CXZ,(Y, the regular embedding of rg 
into S2 induces a regular embedding of Fj into S2 in a natural way (just draw the 
4-coloured edge joining (i, j) with a(i, j) so that it is contained in the 2-cell 
bounded by Ci and so that these edges do not intersect each other). It follows that 
all edges joining vertices belonging to different {2,4}-residues in ~~ must have the 
same colour, 0 say (resp. 1 say): if not, there would be a 2-cell of the embedding 
whose boundary is a cycle coloured by more than two colours. Thus, Q(1,2,4) =
&2.4)> 1 besp. /j(O.2,4) = P(2.4) > 1). This contradicts (*) and hence r(f) E 65;. 
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(b) (i)+(ii) is straightforward and (ii) +(iii) is an immediate consequence of 
Proposition 2. 
Let us prove (iii) * (i). 
If r(f) E Si, there are exactly 2(g + 1) fixed points in F(f). Let Q be a 
{2,3}-residue of F(f) containing at least one fixed point V; in this case it is easy 
to see that the {2,4}-residue R of (F, 7) containing v has the same vertex set of 
Q (see Lemma 3). Moreover, if w denotes the antipodal vertex of v in Q, R is an 
open path in (r, 7) whose end-points are its unique fixed points v and w; thus, Q 
exactly contains two tixed points, too. 
If pc2,3) = g + 1, the above argument proves that each {2,3}-residue Qi, i E A,, 
must have the properties of the above Q. Then, (?: 7) satisfies the following 
properties: 
(i) P {2,4) = g + l; 
(ii) the vertex set of each {2,4}-residue Rip i E A,, is the vertex set of a 
suitable {2,3}-residue, Qi say; 
(iii) Ri is an open path whose end-points are its unique fixed points (which are 
antipodal vertices of Qi). 
Let e, i E A,, denote the ‘diameter’ of Ci which connects its fixed points and 
cuts each 4-coloured edge contained in the region bounded by Ci in exactly one 
point. The described properties of (f, 7) and the connectedness of F(f) prove 
that the graph (UieA, 4) U (Ui+ f3 is the connected projection of a (g + l)- 
bridge presentation of a link 9’. It is easy to check that the result of Ferri’s 
construction applied to this bridge presentation of 9 is the given 4-coloured graph 
F(f). Thus, F(f) E %l& Cl 
Let us set YJ& = {F(F) E Gilpt2,3) = g + l}. Each element of ZJ$ is a 2- 
symmetric crystallization (Proposition 4(b), and hence ZRg is a subclass of %l&. 
3. Genus two 3-manifolds as 2-fold branched coverings of S3 
We are now going to prove the following result: 
Theorem 5. Zf M is a prime genus two 3-manifold, then there exists an f E g2 such 
that r(f) E @i is a crystallization of M. 
The above result leads to a graph theoretical proof of the following theorem: 
Corollary 6 [25,1,24]. Every closed orientable 3-manifold M of Heegaard genus 
g c 2 is a 2-fold covering space of S3 branched over a link of bridge number g + 1. 
Proof. If g = 0, the statement is trivial since the only genus zero closed 
3-manifold is S3. 
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Fig. 1. 
If g = 1, then either M = S’ x S* or M is a lens space L(p, q). In the first case it 
is easy to see that the crystallization of S’ x S* represented in Fig. 3 of [lo] is the 
result of Ferri’s construction applied to the following (see Fig. 1) 2-bridge 
link. The ‘normal’ crystallization of L(p, q) (see [7]) is the result of Ferri’s 
construction applied to the Schubert’s normal form of a 2-bridge knot K(p, q) 
(see [22] or [2, Chapter 121). 
If g = 2 and M is prime, then the result follows from Theorem 5 and 
Proposition 4(b). 
Finally, suppose g = 2 and M = M,#M,, Mi (i = 1, 2) being a prime closed 
3-manifold of genus one. Let Ki (i = 1, 2) be a link of bridge number two such 
that Mi is the 2-fold covering space of S3 branched over K;; then M is the 2-fold 
covering space of S3 branched over a suitable connected sum K,#KZ of bridge 
number three. Cl 
If we denote by !J& the class of all 3-manifolds of Heegaard genus g < 2, and 
set 
$?* = {f e 8:2 1, WI E %)J 
Proposition 4(b) and Theorem 5 give rise to the following result. 
Corollary 7. There exkfs a map 
‘y: iF*-+ % f+ WW)) 
such that the image Y(&) contains all prime genus two 3-manifob. 
Corollary 7 leads to the possibility of producing a 
3-manifolds, by means of 6-tuples of positive integers 
In order to prove Theorem 5, it is convenient 
crystallization theory. 
catalogue of all genus two 
(see [31). 
to recall some results in 
Definition 2 [ll]. A c-coloured edge of a 4-coloured graph (r, Y) is said to be 
{i, j}-diagonal if c #i, j and if its end-points are in the same {i, j}-residue of 
(r, Y)* 
An edge is called diagonal if it is {i, j}-diagonal for some i, j. 
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Definition 3 [ 111. An edge e of a 4-coloured graph (I’, y) is said to be of cluss 
1$(1 GS ~4, Ocr < (4;s)) if there are s - 1 edges parallel to it (that is, having 
the same end-points) and if e is {i, j}-diagonal for r unordered pairs {i, j}. 
Proposition 8 [ll]. Let (r, y) be a 4-coloured graph representing a 3-manifold M; 
let (r’, y’) be the 4-coloured graph obtained from (I’, y) by the fusion of its edge 
e, and M’ = K(Y). Then, if e is diagonal and it is not parallel to any other edge, 
M’ is a manifold and, for manifolds A?, fi,, iI& equal either to S’ x S2 or to 
S’ x S2 (the orientable or non-orientable 2-sphere bundle over S’ [17]): 
(a) if e k of class z:, then M = M’; 
(b) if e is of class z:, then M = M’#Q; 
(c) if e is of class t:, then either M E M’ # I@, # A& or M’ has two connected 
components MI, M2, and M = MI # Mz # fi. 
Definition 4 [14]. Let (r, y) be a 4-coloured graph. A handle is a subgraph 
formed by two vertices X and Y joined by two edges with colour cl, c2, such that 
X and Y belong to the same component of rd,_~c,,czI. 
Proposition 9 [14]. Let (I’, y) be a crystallization of a 3-manifold M, containing 
a handle. Then M = M’#H, where either H = S1 X S* or H = S’ 5 S2 and M’ is a 
suitable manifold. 
Let 6, (g > 1) be the class of bipartite 4-coloured graphs (I’, y) satisfying the 
following properties: 
(i) (r, y) consists of g + 1 (0, 1}-residues Ci (i E Zg+l) cyclically set on the 
plane according to the natural order in Zg+l; 
(ii) for each i E Zg+l, there is the same number of 2-coloured and 3-coloured 
edges joining Ci with C,+l and there are no 2-coloured (resp. 3-coloured) edges 
between Ci, Ci, if j f i f 1; 
(iii) ri and fi are connected and regularly embedded in the plane. 
Lemma 10. For each g > 1, GJ = 6,. 
Proof. The geometrical shape of I’(f ), for each f E &, ensures I’(f) E 6,. 
On the other hand, if (I’, y) E 6, let hi (i E Z,,,) be the common number of 
2-coloured and 3-coloured edges between Ci and Ci+l. Then, 21, = hi_1 + hi is the 
cardinality of V(G). We now label the vertices of (I’, y) by the elements of 
UiaZ,+, {i} x Z, in the following way. Denote by (i, 0) the first vertex of Ci which 
is 2-adjacent o a vertex of Ci+l. Then it is possible to order the vertices (i, j) of 
each Ci following the natural order of j in Z2,i so that all these orderings induce 
the same orientation on the plane. Let qi E Zy be the nonnegative integer such 
that (i, qi) is the first vertex of Ci which is 3-adjacent to a vertex of Ci+l. Then 
f = (h,, hI, . . . , h,; qO, ql, . . . , qJ E g:g and r(f) is colour-isomorphic with 
(r, Y). 0 
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Proof of Theorem 5. Since M is prime and its Heegaard genus is two, there exists 
a crystallization (r, y) of M such that: 
(i) it lacks in parallel edges, 
(ii) it is regularly embeddible into the closed orientable surface & of genus 
two, 
(iii) it has three (0, 1}-residues, RI, R,, R3 say. 
If T2 is embedded into [w3 so that it intersects the plane n: z = 0 in three cycles 
and Iw: (resp. [w?) denotes the upper (resp. lower) halfspace, set T,+ = lQ: n 
T2 (resp. T; = rW!_ f~ T2). Let h (i E (2, 3)) be the regular embedding of fi in T, 
such that q rl x =fi(r{,,,)) =f3(rC0,i)) and h(Q) c T:, f,(Q c T;. From now 
on, (r, y) will be identified with Q(T) =f2(rf) U&(rj). 
We may always suppose that R2 and R3 are contained in the interior of the disk 
of Ed bounded by R,. Since (r, y) has no parallel edges, the regularity of the 
embeddings fi and f3 ensures that there are no (0, 1}-diagonal edges whose 
end-points are in R2 or in R3. 
Suppose that (r, y) has m (0, 1}-diagonal edges al, u2, . . . , a, of colour two 
whose end-points belong to RI. It follows from the properties of the embedding f2 
that it is possible to order the vertices of RI (according to a fixed orientation of it) 
by means of the following sequence vi, . . . , vj!,, vf, . . . , vi, v:, . . . , vi, 
?J;, . . . ) v: so that V: (resp. t$) are 2-adjacent to the vertices of R2 (resp. R3) 
and vf, vi” are the end-points of uj, for each j EN,. Note that there are no 
2-coloured edges joining a vertex of R2 with a vertex of Rx. 
Similarly, it follows from the properties of f3 (and from the lack of parallel 
edges in (r, y)) that there are m (0, 1}-diagonal edges bi, b2, . . . , b, of colour 
three whose end-points belong to RI. Further, it is possible to order the vertices 
of R, (according to its previous orientation) by means of the following sequence 
1 1 2 2 
Wl,.,.,Wh, Wl,...,Wm, w:, . . . ) w:, w;, . . . , w’: so that w! (resp. w’) are 
3-adjacent o the vertices of R2 (resp. R3) and w;, w; are the end-points of bj, for 
each iEN,,,. 
These properties ensure the existence of an i E N, such that exactly one of the 
end-points w:, WY of b, belong to {vi’ 1 i EN,}. 
Let (r’, y’) be the (non-contracted) 4-coloured graph obtained from (r, y) by 
the fusion of the edge ai. Then Proposition 8, case (a), ensures that K(T’) = 
K(T) = M. The fusion of the edge b; in (r’, y’) yields a new crystallization 
(p, y”) with three (0, 1}-residues, such that K(Y) = K(T’) = M; moreover, 
(p, y”) has four less vertices than (I’, y). 
Since M is prime and its Heegaard genus is two, if (rl, y”) contains parallel 
edges, they must necessarily represent dipoles of type two. Their cancellation 
gives a new crystallization of M with the same properties of (I’, y) and with 
(strictly) fewer vertices. 
By iterating the process, we necessarily obtain a crystallization (p, 7) of M 
having neither parallel edges nor (0, 1}-diagonal edges (and with three (0, l}- 
residues). Then (r, p) E Q2 = C9, (Lemma 10). Finally, since (r, 7) is a crystal- 
lization, Proposition 4(a) ensures (r, 7) l G& 0 
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4. The Lins-Mandel crystallizations 
In [19] a class of 4-coloured graphs depending on a 4-tuple (b, 1, t, c) of positive 
integers is introduced and investigated. 
The vertex set of S(b, I, t, c) is Zb X Z u. The edges and their coloration are 
defined by the following fixed-point-free involutions on Zb x Z2,: 
n(i, j) = (i, j + (-ly’), e(i, j) = (i, j - (-ly’), 
G j) = (i + cl(j), -j - I), a(i, j) = (i + p(j - t), 2t -j - l), 
where 
+l ifOCjSl-1, 
‘(j)={-1 if fGjS2l-1, 
j being normalized mod 21, between 0 and 21- 1. 
Actually, the involutions defined in [19] appear slightly different, since j is 
normalized between 1 and 21. 
Note that, without loss of generality, t (resp. c) may always supposed to be 
normalized mod 21 (resp. mod b). The following conditions: 
(b, c) = 1, (1, t) = I, lodd + c = (-1)’ 
are proved to be necessary [4] and sufficient [19] for S(b, I, t, c) to be a 
crystallization of a closed orientable 3-manifold. 
Proposition 12. Each Lins-Mandel crystallization S(b, 1, t, 1) is komorphic with 
r(f, I, . . . ) 1; t, t, . . . , t) E a;_,. 
-- 
b times b times 
Proof. It is easy to check that f = (h,, . . . , h6-,;qO, . . . , qb__l), with hi =I, 
qi= t, for each i eZb, belongs to &,__i; then r(f) belongs to @b_,. Note that 
(I, t) = 1 implies (I even + t odd) and (I odd + 1 = c = (- 1)‘) is equivalent to 
(I odd j t even): thus, r(f) E @L-1. 
Moreover, V(f) = IJiEZCb_,)+, {i} X Zzli = Zb X Zzl is exactly the vertex set of 
S(b, I, t, 1) and the four fixed-point-free involutions on V(f) defining the 
coloured edges of r(f) reduce to: 
r&, j) = (i, j + (-I)$ 
ri(i, j) = (i, j - (-lY), 
1 
(i+l, -j-l) ifOSj=Sl-1, 
r2(i7j)’ (i-1, -j-l) iflsj<21-1, 
(i+1,2t-j’-1) iftSj’St+l-1, 
(i-1,2t-j’-1) ift+lCj’St+21-1, 
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where j’ is the smallest positive integer such that: 
(i) j’ = j (mod 21), 
(ii) j’ - t > 0. 
Since the use of j’ automatically normalizes the arguments of p, it is easy to see 
that n, E, V, (Y respectively correspond to zO, rl, z2, tg, and so S(b, I, t, 1) is 
isomorphic with r(f). 0 
Corollary 13. Zf(C y) = T(l, I, . . . ,I; t, t, . . . t) E @i, then (I’, y) E 2J2, $(I, t) = 1. 
As a direct consequence of Proposition 12 and Proposition 4(b), we obtain the 
following result, which extends an analogous theorem directly proved in [6]. 
Corollary 14. (a) Each Lins-Mandel crystallization S(b, 1, t, fl) belongs to 
m&I; 
(b) Each Lins-Mandel crystallization S(b, 1, t, c), with 1 odd, belongs to tuZ,_,. 
Proof. (a) By proposition 12, S(b, 1, t, 1) = T(I, . . . , 1; t, . . . , t) E CA%~._~. Since, 
as proved in [19], S(b, 1, t, c) = S(b, 1,l -t, b -c), we have: 
S(b, 1, t, -1) = S(b, 1,l -t, 1) = q1, . . . , 1; 1 -t, . . . ) I- t) E @;_1. 
Then Proposition 4(b) gives S(b, 1, t, f 1) E YJ$_,. 
(b) The result immediately follows by recalling that, since 1 is odd, c = 
(-1)‘. 0 
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